The blow-up of solutions for a class of quasilinear reaction-diffusion equations with a gradient term u t = div(a(u)b(x)∇u) + f (x, u, |∇u| 2 ,t) under nonlinear boundary condition ∂ u/∂ n + g(u) = 0 are studied. By constructing a new auxiliary function and using Hopf's maximum principles, we obtain the existence theorems of blow-up solutions, upper bound of blow-up time, and upper estimates of blow-up rate. Our result indicates that the blow-up time T * may depend on a(u), while being independent of g(u) and f .
Introduction and Main Results
There are many works on the existence and nonexistence of global solutions to the parabolic equations and systems with various boundary conditions (see [1 -7] and the references therein). In this paper, we consider the following reaction-diffusion equation with a gradient term under nonlinear boundary condition:
where Ω is a smooth bounded domain of R N , N ≥ 2, n denotes the outer unit normal on the boundary, a ∈ C 2 (R + ),
Models such as (1) are worthy to study not only because of the importance to the qualitative theory of nonlinear partial differential equations but also because of possible applications in the field of mechanics, physics, and biology (gas flow in porous media, semiconductor, spread of biological populations, etc.); see [3 -13] and the references therein.
Some special cases of (1) have been discussed by many authors. The blow-up phenomenon of (1) with linear boundary conditions have been extensively studied over the past decades. In [14, 15] , Souplet discussed the following equations with Dirichlet boundary conditions
where re-scaling arguments, the self-similar subsolution method, and the energy functional method are introduced to investigate the sufficient conditions and the qualitative properties for blow-up. In [16] , Ding studied the semilinear reaction diffusion equation
with mixed linear boundary conditions. By using the Hopf maximum principle, the author obtained the nonexistence theorems of the global solutions and gave the bound of blow-up time.
In [17] , Hu and Yin considered the heat equation u t = ∆u in an unbounded domain Ω ⊂ R N with Dirichlet condition u(x,t) = 0 on partial boundary of Ω and nonlinear condition ∂ u/∂ n = u p on the other part of the boundary, where p > 1. It has been shown that the nonnegative solutions blow up under certain conditions depending on the exponent p.
Recently, Ding and Guo [18] studied the blowup and global solutions for the following reactiondiffusion equation with a gradient term and nonlinear boundary condition:
By constructing suitable auxiliary functions and using maximum principles, they proved the sufficient conditions for the existence of a blow-up solution, an upper bound for the blow-up time, an upper estimate of the blow-up rate, the sufficient conditions for the existence of the global solution, and an upper estimate of the global solution. However, as in [17] , the blow-up time T * still depends on g (u) .
In this paper, we extend the result in [16, 18] to the quasilinear reaction-diffusion equation with a gradient term under nonlinear boundary condition. By constructing a new auxiliary function, we indicate that the blow-up time T * may depend on a(u), while be independent of g(u) and f . Hence, our results in the present paper are also better than those obtained in [19] , in which
f (s) depend on both a(u) and f . It is known that, by the classical theory for parabolic equations and Hopf's maximum principle [20] , the problem (1) has a unique local solution, and u > 0 since f > 0.
Our main result of this paper reads as follows: (1) . Suppose the following:
(3) The integration
Then, u(x,t) must blow up in finite time T * and
as well as
where
Proof of the Main Result
In this section, we will give a detailed proof of our result. We denote q = |∇u| 2 below for convenience. We have the following Lemma:
Lemma 1. Let the conditions of Theorem 1 hold, then
Proof. Set w = au t (12) then we have
and
Combining (14) with (15), we have
From (12), we obtain
With (15) and (16), we have
Assumptions (4) and (5) guarantee that the right side in equality (17) is nonnegative. Therefore, we have
Combining (18) and (6) with maximum principles, it follows that w cannot attain its minimum in Ω ×(0, T ). Therefore, we have inΩ
Proof of Theorems 1. Set
Then we find
Combining (19) - (21), we have
Therefore,
From (1), we obtain
Therefore, we have
Assumptions (4) - (6) guarantee that the right side in equality (24) is nonpostive, i.e.,
It follows from (7) 
